Abstract The analytical solution of 3D datum transformation with an isotropic weight has been elegantly presented based on Procrustes algorithm (singular value decomposition). But the existence of analytical solution of 3D datum transformation with a nonisotropic weight needs further investigation. Based on the Lagrangian extremum law, the paper derives the analytical formula for translation parameter and scale factor, but because the rotation matrix is unsolved, the analytical solution does not exist. For this reason, the paper presents two kinds of iterative approach of 3D datum transformation with a nonisotropic weight. One is the iterative approach dependent on the objective function value, which uses the Lagrangian minimum function in the variable of rotation matrix as the objective function, and the other is the iterative approach dependent on the derivative of function, which uses the 3D datum transformation model that eliminates the translation parameter. In order to improve the speed and reliability of iterative computation, the form of rotation matrix represented by Rodrigues matrix instead of rotation angles or unit quaternion is adopted for the two iterative approaches. A numerical experiment is demonstrated, and comparison analysis of the two iterative approaches is carried out. The result shows from the view of computing speed and reliability, the iterative approach based on derivatives is preferred.
Introduction
Three-dimensional datum transformation is a central problem in geodesy, engineering surveying, photogrammetry, geographical information science (GIS), etc., e.g. Aktug (2012) , Akyilmaz (2007) , Burša (1967) , Chen et al. (2004) , Dermanis (1998) , El-Mowafy et al. (2009) , Ge et al. (2013) , Kashani (2006) , Neitzel (2010) , Paláncz et al. (2013) , Soler and Snay (2004) , Soycan and Soycan (2008) , Watson (2006) , Zeng (2014 Zeng ( , 2015 . It aims to determine the transformation parameter of the transformation model. Usually, the transformation model adopts seven-parameter similarity transformation, including three translation parameters and three rotation angle parameters and one scale factor, see Leick (2004) , Leick and van Gelder (1975) . So far a lot of approaches for computing the seven parameters have been presented, which can be classified into two categories. One is analytical algorithm, and the other one is iterative algorithm. The former can give the exact solution quickly by the analytical formulae of the parameters. Its advantage over the latter is that it does not need the initial parameter values as well as iterative computation. Due to the difficulty of mathematical derivation, rare analytical algorithms have been put forward. E.g., the most famous analytical algorithm is the Procrustes algorithm presented by Grafarend and Awange (2003) . It used the singular value decomposition technique to solve the unconstrained Lagrangian extremum problem, and obtained the computation of rotation matrix. It can deal with the case that the weight is isotropic, namely the weight is identical in different coordinate direction. Shen et al. (2006) presented a quaternion-based algorithm by means of eigenvalue-eigenvector decomposition. Han (2010) presented a step-wise approach to compute the transformation parameters considering the physical meaning of similarity transformation. Zeng and Yi (2010a) presented an analytical algorithm based on Rodrigues matrix. The latter needs the initial parameter values, and iterative computation. Although it has the initial values problem of parameter, i.e. in the case that the rotation angle is large, the iterative computation fails due to a bad initial value of parameter (see e.g. Zeng and Tao 2003; Zeng and Yi 2011) , it plays the dominant role at present, which is proved by a large amount of literature published recently. E.g., Zeng and Tao (2003) investigated the feasibility of linearization of transformation model in different rotation angles. Zeng and Huang (2008) presented a kind of searching method based on genetic algorithm and pattern search method that is suitable for any size of rotation angle. ElHabiby, et al. (2009) compared four non-linear least squares methods for 3D coordinates transformation, namely Steepest Descent, Trust region, Gauss-Newton and LevenbergMarquardt. Zeng and Yi (2011) presented a quaternion-based iterative solution of 3D coordinates transformation. It overcomes the initial value problem of parameter and is valid for 3D coordinate transformation of any rotation angle. This paper is organized as follows. In Sect. 2, the analytical solution of 3D datum transformation with a non-isotropic weight is investigated in detail based on Lagrangian extremum law. The analytical formulae of translation parameter and scale factor are obtained, but the rotation matrix is unsolved, i.e. the analytical solution does not exist. For this reason, two kinds of iterative approaches are presented. One is the iterative approach dependent on the objective function value introduced in Sect. 3, which uses the Lagrangian minimum function as the objective function, and the other is the iterative approach dependent on the derivative of function introduced in Sect. 4, which uses the 3D datum transformation model that eliminates the translation parameter. In Sect. 5, a numerical experiment is given to demonstrate the presented two approaches, and comparisons of the two approaches are carried out. Lastly conclusions are made in the last section, i.e. Sect. 6.
Basic mathematical model of 3D datum transformation with a nonisotropic weight
The seven-parameter similarity transformation model can be expressed as
subject to
are the 3D coordinates of a control point in the target and source coordinate systems of transformation, labelled as system A and system B respectively. Superscript T represents transpose, I denotes an identity matrix with the dimension of three, det is the determinant computation of matrix. k denotes the scale factor, t ¼ DX DY DZ ½ T denotes the three translation parameters, and R denotes the rotation matrix.
The computation problem of transformation parameters is sought in the principle of least squares, namely
where P i is the weight matrix corresponding to the control point i, which is non-isotropic and even correlated in different coordinate direction. Equation (3) is essentially an optimization problem, and can usually be solved by the means of Lagrangian extremum law. If and only if the following conditions are satisfied, the Lagrangian extremum exists.
By Eqs. (3) and (4), one gets
further making the transpose of Eq. (7), one gets
and then
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Obviously, t is the function form of k and R: Substituting Eq. (11) into Eq. (3), one gets
thus Eq. (12) is written as
Substituting Eq. (14) into Eq. (5), one gets
Obviously, k is the function form of R. Substituting Eq. (16) into Eq. (14), one gets
thus
Substituting Eq. (18) into Eq. (6), one gets a very complex equation from which the analytical formula of R is impossible. In other words, the analytical solution of R does not exist when the rotation is non-isotropic and even correlated in different coordinate direction. Therefore, to overcome the problem, two kinds of iterative approaches are presented in this paper. One is dependent on the objective function value, while the other is dependent on the derivative of function.
Iterative approach dependent on function value
Iterative approach dependent on function value is a family of iterative approach, also called direct search method that does not depend on the derivative information of function. It is very useful in the cases that the deduce process of derivative of function is very difficult and even derivative of function is not existing. The direct search concept is firstly presented by Hooke and Jeeves (1961) . Pattern search method is a kind of very popular direct search method, and for its more detail, the readers are referred to e.g. Torczon (1997) , Lewis, et al. (2000) , Dolan, et al. (2003) , Al-Sumaita, et al. (2007) , Zeng and Yi (2010b) . In this paper pattern search method is supposed to solve the Lagrangian minimum problem of Eq. (18).
The variable in Eq. (18) namely R is a matrix with 3 rows and 3 columns, usually represented by rotation angles (see e.g. El-Habiby et al. 2009; Zeng and Yi, 2011) , unit quaternion (see e.g. Shen et al. 2006; Zeng and Yi 2011) , and Rodrigues matrix (see e.g. Zeng and Yi 2010a) . If the form of rotation matrix represented by rotation angles is used in searching the solution of the minimum problem, there are a large number of computations of trigonometric function, which slows down the speed of computation and even leads to a failure of iterative computation. If the form of rotation matrix represented by unit quaternion is used, there are four variables and a constraint condition that the sum of squares of variables equals to 1. Searching the solution of the minimum problem in this case is more difficult than that in the case which has three variables space and is unconstrained. So the form of rotation matrix represented by Rodrigues matrix is adopted for its simple algebraic computation.
Rodrigues matrix can be written as
where r is an anti-symmetric matrix formed with a Gibbs vector v ¼ v x v y v z ð Þas
4 Iterative approach dependent on derivatives Substituting Eq. (11) into Eq.
(1) and utilizing Eq. (13), one gets the 3D datum transformation model that eliminates the translation parameters. The form of rotation matrix represented by Rodrigues matrix is adopted with the same consideration as Sect. 3.
Carrying out the Linearization of Eq. (21), one gets
where
is the unknown, u 0 is its approximate value and
is the correction of the unknown. 
and then Eq. (22) can be written as
Further let
According to the least squares, the solution is
where 
Because the approximation of the unknown is usually tough, iterative computations are needed, i.e., one firstly gives the approximation u 0 , then solve the correction du by the above approach, next give the approximation of next iteration as u 0 þ du, and then repeat the above operation until every element of du is less than a given tolerance.
Numerical experiments and discussion
The experimental data is adopted from Grafarend and Awange (2003) . The coordinates of 7 control points in the system B (local system) and A (WGS-84 system) are listed in Tables 1 and 2. The numerical experiments have two parts. One is the special case that the weight matrix is identity one. The other is the common case of arbitrary form of weight matrix. It is supposed in the common case that the precisions of three coordinate directions in the local system are consistent, and then r 2 x adopts the same value as Grafarend and Awange (2003) , and r 2 y , r 2 z are generated with 'randn' command in Matlab. Additionally, the precisions of three coordinate directions in the WGS-84 system are inconsistent, namely the X and Y coordinates have the same precisions, but Z coordinates has lower precisions than planar X and Y coordinates, and here r Tables 1 and 2 . The weight matrix is generated with the same method as Grafarend and Awange (2003) , and the result is list in Table 3 .
The iterative approach dependent on function value and iterative approach dependent on derivatives are employed to recover the 7 transformation parameters. In the process of the former, the initial value of v is set as 0 0 0 ð Þ , the stopping criteria is that the mesh tolerance or function tolerance is less than 10 -12
, and through 84 iterative times for the special case and 82 iterative times for the common case, the iterations are both convergent and the results are listed in Tables 4, 5, 6 and 7 respectively. In the process of the latter, the approximation of the unknown value u is set as 1 0 0 0 ð Þ , the stopping criteria is that every element of du is less than 10 -12
, and through both 2 iterative times for the special case and the common case, the iterations are both Tables 5  and 7 is mean error and computed by
and L is the Lagrangian extremum by Eq. (1) or (18). Comparing the Table 4 and the result of Grafarend and Awange (2003) namely I-LESS procrustes algorithm, it is seen that the result of iterative approach based on derivatives is identical to that of I-LESS procrustes algorithm. It is worthy to be noted that there is a little mistake in Grafarend and Awange (2003) that the second element and third element in the first row of rotation matrix wrongly exchange position. In addition the result of iterative approach dependent on function value is slightly different from that of I-LESS procrustes algorithm, and the bias of translation parameter is cm level. However, from Table 5 , it is seen that the transformation residual is in sub-mm level.
It is seen from Table 6 that the result of iterative approach dependent on function value is slightly different from that of iterative approach based on derivatives, and the bias of translation parameter is dm level. However, from Table 7 it is seen that the transformation residual is in sub-mm level. In order to investigate the performance of iterative approach dependent on function value namely pattern search method, the iterative process is drawn in Fig. 1 . It shows that the convergent process is highly similar although the weight matrix is different for the two cases. And the approach is stable and feasible.
Conclusion
Through lots of derivation of this paper, it is found that analytical solution of 3D datum transformation does not exist in the case that the weight matrix is non-isotropic and even correlated in different coordinate direction. Thus the iterative approach of 3D datum transformation is investigated. The paper presents two kinds of iterative approach, i.e. iterative approach dependent on the objective function value and iterative approach dependent on the derivative of function. In order to improve the speed and reliability, the form of rotation matrix represented by Rodrigues matrix rather than rotation angles or unit quaternion is adopted for both two iterative approaches.
The numerical experiment and analysis shows the presented two kinds of iterative approach are both correct and efficient. Further it is thought that iterative approach dependent on function value is convenient for its objective function can be established easily and fast, however it needs a great deal of iterative computation, therefore it is slower than the iterative approach based on derivatives, and its result is slightly worse than the iterative approach based on derivatives. On the other hand, the iterative approach based on derivatives has lots of work to deduce derivatives, but once the model is established, the iterative computation is faster and more reliable than the iterative approach dependent on function value. From the view of computing speed and reliability, the iterative approach based on derivatives is preferred. Surveying, National Administration of Surveying, Mapping and Geoinformation of China (Grant No. PF2011-4), and National Natural Science Foundation of China (Grant No. 41104009) . The first author is grateful for the support and good working atmosphere provided by his research team in China Three Gorges University. The first author also thanks two anonymous reviewers for valuable comments and suggestions, which enhanced the quality of this manuscript.
